Propositional Logic

Demo
Vojtéch Bartik, March 2023

Logical Connectives

{NOTI[a], AND[a, b], EQUIV[a, b], IMPLIES[a, b], NAND[a, b], NOR[a, b], OR[a, b], XOR[a, b]}

{-a,aAb,aeb,a=b,atb,alb,avb, aeb}

{~a,anb,ae>b,azb, afb,afb,avb, a@b}

{-a,aAb,aeb,a=b,atb,a|b,avb, aeb}

FullForm/@{~a,aAb,aeb,a=>b, atb,afb,avb, a@b}

(NOT[a], AND[a, b], EQUIV[a, b], IMPLIES[a, b], NAND[a, b], NOR[a, b], OR[a, b], XOR[a, b]}

{ANDJa, b, c], OR[a, b, c], XOR]a, b, c]}

{aAbAc,avbVvc, adbec}

FullForm/@{aAbAc,avbvc, a@bec}
{AND[a, b, c], OR[a, b, c], XOR[a, b, c]}

Attributes /@ Connectives

{{HoldAll, Protected}, {HoldAll, Protected}, {HoldAll, Protected}, {HoldAll, Protected},
{HoldAll, Protected}, {HoldAll, Protected}, {HoldAll, Protected}, {HoldAll, Protected}}

Logical Variables

Lower-case and capital letters of English alphabet: a, b, c,...,A,B,C, ...

Symbols consisting of a single letter of English alphabet followed by a natural number: a1, b12, c123,
...,Al1,B12,C123, ...

Lower-case letters of English alphabet subscripted with natural numbers: a,, by, €123, ... s A1, B12, C123s

LAtole@{a, b, c, al, b]2, c123, A1, B12, C123, aj, b]z, Cy23, A], B]Z! C]23}

{True, True, True, True, True, True, True, True, True, True, True, True, True, True, True}

LAtomQ/@{aa, aa,, ap, a, A, a, A, a, ], a, A, False, FALSE, True, TRUE}

{False, False, False, False, False, False,
False, False, False, False, False, False, False, False, False}

Logical Formulae

All logical variables are logical formulae.
If ais a logical formula then Hold[a], HoldForm[a] are also logical formulae.
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LFormulaQ/@({a, al, a;, False, FALSE, True, TRUE}

{True, True, True, True, True, True, True}

LFormulaQ /@ {Hold[a], Hold[al], Hold[a;], Hold[False], Hold[FALSE], Hold[True], Hold [TRUE] }

{True, True, True, True, True, True, True}

LFormulaQ /@ {HoldForm[a], HoldForm[al], HoldForm[a;],
HoldForm[False], HoldForm[FALSE], HoldForm[True], HoldForm[TRUE] }

{True, True, True, True, True, True, True}

LFormulaQ[ ( (X1 = Y1X2) AZ) | ((X2V X3 < X) ® (= X3~NOR~= 2))]

True

LFormulaQ[ (HoldForm[x; = Hold[y1X>]] A Z) | (HoldForm[X; V X3] < X® (=~ X3 = -~ 2))]

True

Context /@ Connectives

{PropositionallLogic™, PropositionallLogic™, Propositionallogic’, Propositionallogic’,
Propositionallogic’, Propositionallogic™, Propositionallogic’, Propositionallogic’}

Logical Strings (Formulae in Polish Notation)

Example 1

{s11 = "4 AXXy~NAND~x1-y", LStringQ[s11]}
{{Axx;~NAND~x1-y, False}

LStringQ[s11l, Trace - True]

False: Members of the list {xx;} are not logical variables.

Example 2

{s21 = "4 AxX;~NAND~x1-y", LStringQ[s21]}
{{AXX1~NAND~x1-y, True}

LStringQ[s21, Trace - True]

(L A X xg T x1 -y}
{(J A xx$1 T x1 -y}

{NOR, AND, x, X3, NAND, x1, NOT, y}
{NOR, AND, X, X;, NAND, x1, True}
{NOR, AND, x, X;, True}
{NOR, True, True}

{True}

Example 3

{s31 = "I A=2X,YXx12120=3VXX3XT-X1~2", LStringQ[s31]}

{I{A=X10yXx12120=VXX3XT-X1-Z, True}
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LStringQ[s31, Alignment -» Center, Trace - True]

(L A=>Xxg oy x12z129 =V X X3 X T X - 2z}
(L A=x$1 ©yx1z12e =V Xxx$3 x 1T - x$1 -~ z}

{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, X, X3, X, NAND, NOT, x,, NOT, z}
{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, x, X3, X, NAND, NOT, X;, True}
{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, x, X3, X, NAND, True, True}
{NOR, AND, IMPLIES, x;, EQUIV, y, x1, z12, XOR, IMPLIES, OR, X, X3, X, True}

{NOR, AND, IMPLIES, x;, EQUIV, y, x1, z12, XOR, IMPLIES, True, X, True}

{NOR, AND, IMPLIES, x;, EQUIV, y, x1, z12, XOR, True, True}

{NOR, AND, IMPLIES, x;, EQUIV, y, x1, z12, True}

{NOR, AND, IMPLIES, X;, True, z12, True}

{NOR, AND, True, z12, True}

{NOR, True, True}

{True}

Example 4

{s41 = "I AXy X3 Xy~NAND~Tx1x=y-z", LStringQ[s41]}

{IAX1X;Xy~NAND~1Tx1x=y-z, False}
LStringQ[s41, Trace - True];

Example 5

{s51 = "I=»a;c®-c-b-TV-a-blA-a;c", LStringQ[s51]}

{{=a;c®-~c-b-Tv-a-bla-a;c, False}

LStringQ[s51, Alignment -» Left, Trace -> True]

({ >ac®-~c-b-1TV-a-blA-a c}

({ >a$1 co®-c-b-"V-a-blA-a$l c}

{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, NOT, bl, AND, NOT, a;, c}
{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, NOT, bl, AND, True, c}
{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, NOT, bl, True}

{NOR, IMPLIES, a;, ¢, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, True, True}

{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, True, True, True}

{NOR, IMPLIES, a;, ¢, XOR, NOT, c, NOT, b, NOT, NAND, True, True}

{NOR, IMPLIES, a;, ¢, XOR, NOT, c, NOT, b, NOT, True}

{NOR, IMPLIES, a;, ¢, XOR, NOT, c, NOT, b, True}

{NOR, IMPLIES, a,, c, XOR, NOT, c, True, True}

{NOR, IMPLIES, a;, c, XOR, True, True, True}

{NOR, IMPLIES, a;, c, True, True}

{NOR, True, True, True}

{True, True}

{False}

Example 6

{s61l = "=yxz®&V=3AX12X3; TXZ-X~X~yz", LStringQ[s61]}

{oyxzeV=AXx12X3,TXZz-X1-X~yz, False}
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LStringQ[s61, Alignment -» Right, Trace - True]

{oyxzoV=AX12X3, T X2Z X3 -~ Xy z}

(o yxzoV=>Ax12x$32 " x 2z - x$1 - x -~y z}

{EQUIV, vy, X, z, XOR, OR, IMPLIES, AND, x12, Xx3,, NAND, x, z, NOT, x;, NOT, x, NOT, y, z}
{EQUIV, vy, X, z, XOR, OR, IMPLIES, AND, x12, x3,, NAND, x, z, NOT, X1, NOT, X, True, z}
{EQUIV, vy, x, z, XOR, OR, IMPLIES, AND, x12, x3,, NAND, x, z, NOT, X;, True, True, z}
{EQUIV, vy, X, z, XOR, OR, IMPLIES, AND, x12, X3, NAND, x, z, True, True, True, z}
{EQULV, vy, X, z, XOR, OR, IMPLIES, AND, x12, X3,, True, True, True, True, z}

{EQUIV, y, X, z, XOR, OR, IMPLIES, True, True, True, True, True, z}

{EQUIV, vy, x, z, XOR, OR, True, True, True, True, z}

{EQUIV, vy, x, z, XOR, True, True, True, z}

{EQUIV, vy, x, z, True, True, z}

{True, z, True, True, z}

{False}

Conversion between Logical Strings and Logical Formulae

Example 1

{s11 = "I Axx1~NAND~x1x1-y", LStringQ[s11], f11l = ToLFormula[s11]}
{IAXX1~NAND~x1x1-y, False, $Failed}

{LStringQ[s11, Trace - True], ToLFormula[s11l, Trace - True]} // Row[#, ", "] &

L A x x1 T x1 x1 -y} (L A xx1 T x1x1 -y}
{NOR, AND, x, x1, NAND, x1, x1, NOT, y} {NOR, AND, x, x1, NAND, x1, x1, NOT, y}
{NOR, AND, x, x1, NAND, x1, x1, True} {NOR, AND, x, x1, NAND, x1, x1, -y}
{NOR, AND, x, x1, True, True} R {NOR, AND, x, x1, x17x1, -y}
{NOR, True, True, True} {NOR, xAXx1, x17x1, -y}
{True, True} {(xAXx1) | (x17x1), -y}
{False} {$Failed}

Example 2

{s21 = "4 Axx;~NAND~x1-y", LStringQ[s21], f21 = ToLFormula[s21]}

{L{AXX13~NAND~x1-y, True, (XAXy) | (X17T-Yy)}

ToLFormula[s21, Trace - True]
(L A X X2 T x1 -y}
{NOR, AND, x, X3, NAND, x1, NOT, y}
{NOR, AND, X, X1, NAND, x1, -y}
{NOR, AND, X, X3, X1T-y}
{NOR, XA X1, X1T- Yy}
{(XAX1) L (X1T-y)}

ToLString[f21]

JAX Xy TX1-y

s22 = ToLString[f21]; f22 = ToLFormula[s22]; s23 = ToLString[f22];
{{s21, s22, s23}, {s21 === s22, s22 === s23, NormalizelString /@ {s21, s23} // SameQ}} //
Column[#, Center] &
{LAXX,~NAND~X1-y, LAX Xy TXLay, LAX X, TX1-Y}
{False, True, True}
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ToLString[f22, Trace - True]

{(xAX1) L (x1T-y)}
{(xAx$1e) | (X1T7-y)}
{NOR[AND[x, x$1+], NAND[x1, NOT[y]]]}
{NOR AND x x$1 NAND x1 NOT y}

(I, Ay X, x$1e, T, X1, -, ¥y}
{JAXX$1e X1y}
{I{AX X1 TX1-y}

Example 3

{s31 = "IA=X;yXx121286=>VXX3XT-X,-2", LStringQ[s31], f31 = ToLFormula[s31]}

{{A=X10YX12120=VXX3XT-X17Z, True, ((X;=> (Yo X1)) Az12) | (((XVX3) =2 X)® (- X11772))}

ToLFormula[s31, Trace - True]

(L A=2xg oy x12z12 9 =V X X3 X T - X - 2z}

{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, X, X3, X, NAND, NOT, x;, NOT, z}
{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, X, X3, X, NAND, NOT, X;, - z}
{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, X, X3, X, NAND, - Xy, - 2}
{NOR, AND, IMPLIES, x,, EQUIV, y, x1, z12, XOR, IMPLIES, OR, X, X3, X, = X371~ 2}
{NOR, AND, IMPLIES, x;, EQUIV, y, x1, z12, XOR, IMPLIES, XV X3, X, = X3 T~ z}

{NOR, AND, IMPLIES, x;, EQUIV, y, x1, z12, XOR, (XVX3) =X, = X117~ 2}

{NOR, AND, IMPLIES, Xx;, EQUIV, y, x1, z12, ((XVX3) =2X) ® (- X171~ 2)}

{NOR, AND, IMPLIES, X;, ¥ & x1, 212, ((XVX3) =2X)® (- X137~ 2)}

{NOR, AND, x; = (y & x1), z12, ((XVX3) =2X)® (- X137~ 2)}

{NOR, (X3 = (Yo x1)) Azl2, ((XVX3) =2X)® (- X3T-2)}
{((x1=(yex1))Azl2) | (((XVX3) =X) @& ("X 172))}

$32 = ToLString[f31]; 32 = ToLFormula[s32]; s33 = ToLString[f32];
{s31, s32, s33, {s31 === s32, s32 === s33, NormalizelLString /@ {s31, s33} // SameQ}} //
Column[#, Center] &
IA=X1 0y X121280=VXX3XTX1 -2
VA= X, ©yx1z120=VX X3 X T X 02
A= X ©yx12120=VX X3 X T X ~2Z
{False, True, True}

ToLString[f32, Trace - True]
{(((x1= (yeox1)) Az12) | (((XVX3) =X) & (7 X171~ 2))}
{((x$1e = (yo x1)) Az12) | (((xVX$3e) =2 X) ® (-~ x$1eT-2))}

{NOR[AND [IMPLIES [x$1+, EQUIV[y, x1]],

z12], XOR[IMPLIES[OR[X, X$3¢], X], NAND[NOT[x$1+], NOT[z]]]]}

{NOR AND IMPLIES x$1e EQUIV y x1 z12 XOR IMPLIES OR x x$3+ x NAND NOT x$1. NOT z}

Iy Ay =, X$1e, &, y, X1, 212, @, =, V, X, X$3e, X, T, =, X$1+, -, 2}

{(JA=>X$1le ©yx12120=VXX$3e X T xX$le -2}
{L A= X1 ©yx12120=VX X3 X T X102}

Example 4

{s41 = "IAX;X3Xy~NAND~1Tx1x=y-z", LStringQ[s41], ToLFormula[s41]}

{IAX1X1Xy~NAND~TXx1Xx=y-z, False, $Failed}
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ToLFormula[s41, Alignment -» Left, Trace - True]

(L AXy Xy Xy T T x1 x=>y -z}

{NOR, AND, Xi, X1, X, Yy, NAND, NAND, x1, x, IMPLIES, y, NOT, z}
{NOR, AND, X;, X1, X, Yy, NAND, NAND, x1, x, IMPLIES, y, -z}
{NOR, AND, X3, X1, X, ¥, NAND, NAND, x1, X, y = -z}

{NOR, AND, X3, X1, X, ¥, NAND, X17X, y= -z}

{NOR, AND, X1, X1, X, ¥, (X1TX)T(y=>-2)}

{NOR, X1 A X1, X, ¥, (XLTX) T (y=-2)}

{(xaAX) X, y, (XITX) T (y=~2)}

{$Failed}

Example 5

{s51 = "I=a;c®-c-b-1TVv-a-blA-a;c", LStringQ[s51], ToLFormula[s51]}

{l=a;cd-c-b-1Tv-a-blr-a;c, False, $Failed}

ToLFormula[s51, Alignment - Right, Trace - True]

({ >a3c®-~c-b-1TV-a-blA-a c}

{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, NOT, b1, AND, NOT, a;, c}
{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, NOT, bl, AND, - a;, c}
{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, NOT, bl, -~ a; Ac}

{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, NOT, a, -~ bl, ~a;Ac}

{NOR, IMPLIES, a;, c, XOR, NOT, c, NOT, b, NOT, NAND, OR, - a, - bl, - a; Ac}

{NOR, IMPLIES, a;, c, XOR, NOT, ¢, NOT, b, NOT, NAND, -~ aV - bl, - a; Ac}

{NOR, IMPLIES, a;, ¢, XOR, NOT, c, NOT, b, NOT, (-aV-bl) ] (~a;Ac)}

{(NOR, IMPLIES, aj, c, XOR, NOT, ¢, NOT, b, -~ ((~aV-bl) T (-ajAc))}
{NOR, IMPLIES, aj, ¢, XOR, NOT, ¢, = b, = ((-aVv-bl) ] (-a;Ac))}
{NOR, IMPLIES, aj, ¢, XOR, ~ ¢, ~b, = ((-aVv-bl) (-ajAc))}

{NOR, IMPLIES, a;, ¢, ~c®-b, - ((mav-bl)T(-a;AC))}

{NOR, a; = ¢, ~c®-b, - ((mav-bl)T(-a;AC))}
{(aa=c) ] (nco-b), ~ ((mav-bl)T(-ainc))}

{$Failed)

Example 6

{s61 = "<=>yxz®V=3AX12X3; TXZ~X1~X-~yz", LStringQ[s61], ToLFormula[s61]}

{eyXz&V=>AX12X3,TXZ-X1-X~yz, False, $Failed}

ToLFormula[s61, Trace - True]

{eoeyxzeVv=AX12X3 T XZ Xy XYy z}

{EQULV, y, x, z, XOR, OR, IMPLIES, AND, x12, X3, NAND, x, z, NOT, x;, NOT, x, NOT, y, z}
{EQULV, y, x, z, XOR, OR, IMPLIES, AND, x12, X3, NAND, x, z, NOT, x;, NOT, x, -y, z}
{EQUI1V, y, x, z, XOR, OR, IMPLIES, AND, x12, X3, NAND, x, z, NOT, X3, - X, =y, z}
{EQULV, vy, X, z, XOR, OR, IMPLIES, AND, x12, X35, NAND, X, z, - X3, = X, =Y, Z}
{EQUILV, y, X, z, XOR, OR, IMPLIES, AND, x12, X33, X1z, = X1, ~ X, 7Y, Z}
{EQUIV, y, x, z, XOR, OR, IMPLIES, x12 A X33, XTZ, = X1, " X, 7Y, Z}

{EQUIV, vy, X, z, XOR, OR, (X12AX3;) = (X12Z), = X1, "X, 7Y, 2}

{EQUIV, vy, X, z, XOR, ((X12AX33) = (XT2))V-X1, "X, 7Y, 2}

{EQUIV, vy, X, z, (((X12AX33) = (XTZ))V-X1)®~ X, °Y, 2}

{y e X, 2, (((X12AX32) = (XT2)) VaX1) &~ X, Y, Z}

{$Failed}

TruthTable

TruthTable[x, options] computes the truth table of the logical formula or list of logical formulae x and
outputs or prints it as Grid.
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Alternatives for options (default value = the first alternative) :
- BooleanValues -> { 0, 1} | {False,True} | -> {FalseSymbol, TrueSymbol},
- ItemSize -> Automatic | Full |as for Grid,
- Labels -> None | Automatic | list of sufficient length,
- Print -> False | True,
- ReverseValues -> False | True,
- SelectValuations -> All | AllTrue | Mixed | AllFalse | LastTrue | LastFalse | OnlyLastFalse |
{{ (indexes | labels of) formulae} -> FalseSymbol, {(indexes | labels of) formulae} ->
TrueSymbol} |
{{ (indexes | labels of) formulae} -> TrueSymbol, {(indexes | labels of) formulae} ->
FalseSymbol},
- TableBreaks -> None | integer > 1 | increasing list of integers > 1,
- Transpose -> False | True,
- Variables -> All | List of logical variables.
ItemSize is an option of Grid and Transpose is an option of List, Matrix and Tensor.

Options[TruthTable]

{BooleanValues - {0, 1}, ItemSize » Automatic, Labels - None,
Print — False, ReverseValues — False, SelectValuations - All,
TableBreaks —» None, Transpose - False, Variables —» All}

BooleanValues, ReverseValues, Transpose

Example 1

a=-q=(rl-q);

B=q®&-r;

¥=(qAr) & (-q=r);

M1 = HList[a, B, ¥];

{TruthTable[M1], ", ", TruthTable[ReleaseHE[M1], BooleanValues -» {F, T}]} // Row

g|rlol|B]|Y girl-a=rl(-q) [a®(-r) |gArs (-q=r)
e|ejo|1]|1 F|F F T T
0|11]0|0]|0|, F|T F F F
1|0|1|0(0 T|F T F F
1(1(1|1(1 T(T T T T
Example 2
M2 = {a, B, ¥} /. r>ry;
{TruthTable[M2, ReverseValues -» True], " , ",
TruthTable[M2, ReverseValues -» True, Transpose -» True]} // Row
giri|-g=ril(=9q) |g® (- r1) [gAr1 & (g =>r1) q l1|1|e|e
1|1 1 1 1 ry 1(e|1]|0
1o 1 ) ) s -gq=>ril(-q) 1[1]e|e
o1 ) ) ) qe (- rq) 1]efe]1
0|0 0 1 1 qgAri e (ngq=>r;) Jl1(0f(e|1
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Example 3

M3 = {a, B, ¥};
TruthTable[M3, BooleanValues - #, Transpose -» True] & /@ {{"", T}, {F, ""}} // Row[#, ", "] &

T|(T q F|F
r T T r F F
“q=rl(-q) T|T], -q=>rl(-q) |F|F
qe (- r) T T qe (- r) F|F
gArs (ngq=nr)|T T gAre (ng=rnr) F|F

Labels

Example 4

M3 = {a, B, ¥};
{TruthTable[M3, Labels - Automatic], TruthTable[M3, Labels -» HList[a, 8, ¥]]} // Column

o e 1 2 3
gjrl-a=rl(-4qd) [a®(-r)|gArs (-q=r)
0|0 %] 1 1
0|1 0 0 0
1|0 1 4] 0
1)1 1 1 1

°
.
Q
[y
<

ajr|-a=rl(-q) (g&(-r)|gAre (-g=r)
0|0 %] 1 1
0|1 <] 0 (]
1(e 1 0 0
1)1 1 1 1

Example 5

M3 = {a, B, ¥};
{TruthTable[M3, Labels -» {"a", "B", "¥"}, Transpose » True], " , ",
TruthTable[M3, Labels -» CharacterRange["a", "y"], Transpose -» True]} // Row

q elo|1]1 ° 0jo0|1]1
° 01|01 ° r o|11(e]|1
a -gq=rl(-q) 010|111}, |« -g=rl(-q) oelo|1]|1
B qe (- r) ljoefo|1 I qe (- r) 1|j0|0(1
Y|lgAars (-nq=r)|1|0]0]|1 Yy|gAars (nq=r) |1]0]|0]|1

m SelectValuations

Example 6

=q=(ri{-q);
qeé-r;

(QATr) & (~g=r);
(~r=s)T(SV-r);
(AAr) Vs;

M4 = {a, B, ¥, 6, €};
TruthTable[M4]

m O X ™ K
Il
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glr|s]l-g=rl(-q) |g®(-r) |[gArre (-g=r)|[(-r=s)7(sV-r)|(qAPr) Vs
0|0|0 0 1 1 1 0
010 (1 0 1 1 0 1
o|1|0 0 0 %] 1 %]
0111 0 0 %] (%] 1
1(e0]|0 1 0 %] 1 %]
1(of1 1 0 0 0 1
111(0 1 1 1 1 1
1(1])1 1 1 1 0 1

M4 = {a, B, ¥, 6, €};

TruthTable[M4, SelectValuations - AllTrue]
! “g=rl(-q) |ge (~r) |gArs (~g=r) | (-r=s)T(sV-r) ((qAr)Vvs
1 0 1 1 1 1 1

M4 = {a, B, ¥, 6, €};

TruthTable[M4, SelectValuations - Mixed]
glr|s]l-g=rl(-q) |g®(-r) |[gAre (-g=r)|[(-r=s)7(sV-r)|(qAr)Vs
o|o|e 0 1 1 1 0
0(o|1 0 1 1 0 1
of1(e 0 0 0 1 0
011(1 0 0 0 0 1
1(0|0 1 0 0 1 0
1(0]|1 1 0 0 0 1
1(1])1 1 1 1 0 1

M4 = {a, B, ¥, 6, €};

TruthTable[M4, SelectValuations - AllFalse]

No valuations have been selected

M4 = {a, B, ¥, 6, €};

TruthTable[M4, SelectValuations - LastTrue]
qglr{s]-g=rl(-q) |gq® (-r) |[gAres (-gq=>r) [ (-r=s)7(sv-r)|[(gAr)vs
0|01 0 1 1 0 1
(1|1 0 0 0 0 1
1(of1 1 0 0 0 1
1(1]0 1 1 1 1 1
1(1])1 1 1 1 0 1

M4 = {a, B, ¥, 6, €};

TruthTable[M4, SelectValuations - LastFalse]
qg{r{s]-g=rl(-q) |g® (-r) |[gArs (-g=>r)|[(-r=s)7(sv-r)|[(gAr)vs
0|00 0 1 1 1 %]
o0(1]e 0 0 0 1 0
l1(o|0 1 0 0 0

M= {a, B, ¥, 6, €};

TruthTable[M, SelectValuations - OnlyLastFalse]

No valuations have been selected
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Example 7

M4 = {a, B, ¥, 6, €};
TruthTable[M4, Labels -» Automatic, SelectValuations - {{3} -» 0}]

oo fe 1 2 3 4 5
qg{r{s]-g=rl(-q) |g® (-r) [gArs (-g=>r)|[(-r=s)7(sVv-r)|[(gAr)vs
0|1]0 0 0 0 1 0
011 0 0 0 0 1
1(0]|0 1 0 0 1 0
1(0]|1 1 0 0 0 1

M4 = {a, B, ¥, 6, €};

TruthTable[M4, Labels - CharacterRange["a", "e€"], SelectValuations - #] & /@

{{{3, 5, "/3"} -0, {1, 4} » 1}, {{1, 4} > 1, {3, 5, “/3"} -»0}} // Column

o (oo a IS Y fe) €
qglr|{s]l-qg=rl(-q) |g® (~-r) |[gAre (-gq=>r) | (-r=s)7(sv-r) | (qAr)Vvs
1|10(0 1 0 0 1 0
oo e o I§] Y o €
q s|-a=rl(-9q) |[g®&(-r) [gAre (mgq=r) | (-r=>s)T(sV-r) | (qQAr) Vs
1|0(0 1 0 0 1 0

M4 = {a, B, ¥, 6, €};

TruthTable[M, BooleanValues -» {F, T}, Labels -» HList[a, B, ¥, 6, €],

SelectValuations -» {{HoldForm[a], 4} - T, {5} » F}]
o oo o B Y o) €
qglir|{s]l-g=rl(-q) |g®(-r) |[gAre (-gq=>r) | (-r=s)7(sv-r) | (qAr)Vvs

F|F T F F T F

TableBreaks and Print

Example 8

M4 = {a_v Bs ¥s 6, E};
TruthTable [M4, BooleanValues -» {0, 1}, Labels » {"a", "B", "y", "6", "€"},
ReverseValues -» False, TableBreaks -» 3, Transpose -» True] // Row[#, ", "] &
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. q o|o|e

° r 010 (1

° S 0110

a -gq=>rl(-q) 0|0|0

B qe (- r) 1[1]e]”’

Y| qAre (ng=r) 1|10

S[(-r=>s)T(svar)ll|o]|1l

€ (qQAPr) Vs o110
. 011 ° q
. r 1(0(0 ° r
° S 110]|1 ° s
a -q=>rl(-q) 011 a -q=>r|
B qe (- r) elefe]|” |5 qe (-
Y| gqArs (-q=r) ofo|o Y| qAr e (-
Sl(-r=>s)T(svar)lo|l]|o Sf(-r=>s)7
€ (qAPr) Vs 1(0(1 € (gnar)

Example 9

M4 = {a, B, ¥, 6, €};
TruthTable [M4, BooleanValues -» {0, 1}, Labels -» None (*{"a","B","y","6","e"}*),
Print -» True, ReverseValues -» False, TableBreaks -» {4, 6}, Transpose - False]

qri|s jC|2I"\L(ﬁ(:|) qea(ﬁr‘) q/\r‘@(ﬂq:r‘) (ﬁf‘iS)T(S\/ﬁl") (q/\r‘)\/s
0|0]|0 (%} 1 1 1 0
0101 0 1 1 0 1
01110 0 (%} 0 1 0
0(1]1 (] (] 7] (] 1
alr|s|-a=ri-a) [ae (-r [arre (a=r) [(-r=s)1(svar) |[(aar) Vs
1 (%} 0
011 1 (%} () 1

qglr{s]-g=rl(-q) |q® (-r) [gArs (-gq=>r)|[(-r=s)7(sv=-r)|[(gAr)vs

Example 10

M4 = {a, B, ¥, 6, €};
TruthTable [M4, BooleanValues -» {0, 1}, Labels » {"a", "B", "¥", "6", "€"}, Print - False,
ReverseValues - False, SelectValuations -» All, TableBreaks - 3, Transpose - False] // Column

oo e o I6] Y l6) €
qglir|is]-g=rl(-q) |g®(~-r) |[gAre (-gq=>r) | (-r=s)7(sv-r)|(qAr)Vvs
o(o|o 0 1 1 1 0
001 0 1 1 0 1
of1(o 0 0 0 1 0
oo e o IS Y o €
qglr{s]-g=rl(-q) |g® (-r) [gArs (-gq=>r) [ (-r=s)7(sv-r)|[(gAr)vs
011 0 0 0 1
1|0(0 1 0 0 1 0
1l0(1 1 0 0 0 1
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oo e o IS Y o €
glr|s]l-g=rl(-q) |g®(-r) |[grre (-g=r)|[(-r=s)7(sV-r) | (qAPr) Vs
1(1]0 1 1 1 1 1
1(1])1 1 1 1 0 1

Example 11

M4 = {a, B, ¥, 6, €};

TruthTable[M, Labels -» {"a", "B", "¥", "6", "€"},

StylePrint -» True, Variables -» {q, s}, Print - True]
o|e o 15} Y 1) e
gis|-a=rl(-q)[a®(-r) |gArs (-gq=r) | (-r=5)7(sV-r)|(qAr)Vvs
0|0 0 -r s (1=r) (~r=0)7(-r) 0
01 0 - 0o (1=r) 0 1
1|0 1 rel (~r=0)7(-r) r
1|1 1 r rel 0 1

EmptyTruthTable

EmptyTruthTable[x, options] is a version of TruthTable with no truth-values for formulas.
Alternatives for options (default value = the first alternative) :
- BooleanValues -> { 0, 1} | {False,True} | -> {FalseSymbol, TrueSymbol},
- ItemSize -> Automatic | Full | as for Grid,
- Labels -> None | Automatic | list of sufficient length,
- Print -> False | True,

- ReverseValues -> False | True,
- TableBreaks -> None | integer > 1 | increasing list of integers > 1,
- Transpose -> False | True.
ItemSize is an option of Grid and Transpose is an option of List, Matrix and Tensor.

Options [EmptyTruthTable]

{BooleanValues - {0, 1}, ItemSize » Automatic, Labels - None,
Print — False, ReverseValues - False, SelectValuations - All,

TableBreaks —» None, Transpose - False, Variables —» All}
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Example 1

a=-q=> (rl-q);

B=q®&-r;

Y= (QAr) & (~q=r);

M= {a, B, ¥};

{EmptyTruthTable[M], EmptyTruthTable[M, BooleanValues -» {F, T}, ReverseValues - True,
ItemSize -» {{1, 2, {Automatic}}, {1.5, {2}}}]1} // Column[#, Center] &

"q=>rl(-q) [g®e(-r)|gAre (-gq=r)

R P o ®lQ
R ol Rl O]

a| r |~a=rl(-0q) [a®(-r) |gAr & (ng=>T)
T | T
T | F
F| T
F| F

Example 2

M= {a, B, ¥};
EmptyTruthTable[M, ItemSize - Full, Labels - Automatic, Print -» True, TableBreaks - None];
EmptyTruthTable[M, BooleanValues -» {F, T}, ItemSize -» Full,

Labels » {"a", "B", "¥"}, TableBreaks -» {1, 3}, Transpose -» True, Print -» False]

1 2 3
~q=>rl(-q) [q® (~r) |qAr o (nq=T)

Rl P O ®lQ
Ll IS Bl BN )

° F ° q FI|T [ T
o r F (] r T|F (] r T
[[f -e=rica e ce=rica e casrica [ |}
B qe (- r) B qe (-r) B aqe (-r)
YlgArnre (-g=>r) Y|gAr e (ng=rnr) YlgAre (nqg=>r)

TautologyQ and LEquivalentQ

LTautologyQ[x] returns True if x is a tautology, and False if x is a logical formula but not a tautology.
LTautologyQ has the attribut Listable.



14 | PropositionalLogicM12-Corrected-Demol.nb

t1=(avV(bAc) & (avb) A(ave));

= ((@a=>b)A (b=c)) = (a=>c);

t3=(a=b) » ((b=c) = (a=c));

tu=-a= (-bo (b=a));

{t1, T2, T3, LTautologyQ[{t1, T2, T3, T4}]1} // Column[#, Center] &
av(bac) @ (avb) A(avc)
(a=b)An(b=c) = (a=c¢)
(a=b) = ((b=>c)=>(a=>cq))

{True, True, True, True}

LEquivalentQ[ x, y ] returns True if x, y are logically equivalent logical formulas, and False in the
opposite case.

{o1, ta} = {aV (bAc), (avb) A(aVvc)};

{02, T2} = {(-a=Db), (a=Db) =b};

{o3, T3} = {(@a= (-bVvc)) A((cTb) = (aV=-b)), cV-b};
LEquivalentQee# & /@ {{o1, T1}, {02, T2}, {03, T3}}

{True, True, True}

Normal Forms

s CNF (Conjunctive Normal Form)

CNF] x, Complete | 1 ] returns the complete CNF of a logical formula x obtained from the truth table of x.
CNF| x, Minimal | 0 ] returns a simplified DNF of x obtained by the system function BooleanMinimize.
The second argument is optional and its default value is Simplified | 0.

{a, B, ¥, 6, e} ={ae (-bld),a= (cld), (((atb)®c) |d)Te, (ald)A (b=>-2), a=v};
M3 = {a, B, ¥, 6, €};

M; // ReleaseHE // Column[#, Center] &

ae (-b)ld
a=c|d
((aTbec) |d) Te
(ae (-b)|d)|dA (b= -a)
ae (-b)ld= ((atbec) |d) Te

{CNF[a, O], CNF[a, 1]} // Column[#, Center] &

(bv-a)A(-av-d)A(avdVv-b)
(avdv-b) A (bvdv-a)A(bv-aVv-d)A(-aVv-bVv-d)

CNF [M3, @] // Column[#, Center] &

(bv-a)A(-av-d)A(avdVv-b)
(~av-c)A(~av-d)
(avdv-cv-e)A(bvdv-cv-e)A(cvdv-aVv-bVv-e)
-dA (avb) A (maVv-b)
(avbvdv-cv-e)A(cvdv-aVv-bVv-e)

s DNF (Disjunctive Normal Form)

DNF[ x, Complete | 1 | returns the complete DNF of a logical formula x obtained from the truth table of x.
DNF[ x, Minimal | 0 | returns a simplified DNF of x obtained by the system function BooleanMinimize.
The second argument is optional and its default value is Simplified | 0.
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{a, B, ¥, 6, e} ={a¢e (-bld), a= (cld), (((atb)®c) |d)Te, (ald)A (b=>-2), a=v};
M3 = {a, B, ¥, 6, €};

M; // ReleaseHE // Column[#, Center] &

ae (-b)d
a=c|d
((aTbec) |d) Te
(ae (-b)|d)|dA (b= - a)
ae (-b)ld= ((atbec) | d) Te

{DNF[a, O], DNF[a, 1]} // Column[#, Center] &

(dA=-a)V (-aA-b)V (anbAa-d)
(aAbA-d)V (bAdA-a)V (dA-aA-b)V (~aA-bA-d)

DNF [M3, @] // Column[#, Center] &

(dA-a)V (maA-b)V (aAbA-d)
(~cA-d)V-a
dv (~aA-c)V (-bA-c)V (anbAac)V-e
(an-bA-d)V (bA-aA-d)
dv (an-b)Vv (bAac)V (bA-a)V (-bA-c)V-e

Conversion to Complete Sets of Connectives: {7, A},
{7, v {7, =2 {TL{VL{T, A, &)

ConvertFormula|x, form] uses system function BooleanConvert and finds a formula y logically equivalent
to x and containing only connectives determined by the argument form:

- if form is “AND”, formula y contains only connectives AND and NOT;

- if form is “OR”, formula y contains only connectives OR and NOT;

- if form is “IMPLIES”, formula y contains only connectives IMPLIES and NOT;

- if form is “NAND”, formula y contains only connectives NAND and NOT;

- if form is “NOR”, formula y contains only connectives NOR and NOT;

- if form is “XOR”, formula y contains only connectives XOR, AND and NOT.

a=(ae<=>-(bld)) = ((at-beéc) vd) Ae;

ConvertFormula[a, {"AND", "OR", "IMPLIES", "NAND", "NOR", "XOR"}] //
Column[#, Center, Dividers -» All, Spacings -» 1] &

- (aAbA-e)A- (aAndA-e)A- (AaAbACA-d) A= (maA-bA-dA-€)

- (av-b)v-(av-d)Vv- (bv-e)V- (cV-e)V- (-dV-e)V~- (bvdV-a)

(a=>-((b>-((d=>-e)=>-(-d=(e=>¢))))=>-(-b=>-(d=e)))) =
m(-a=>- (-b=(-d=e)))

(@t (=b)T(=d))T((~a)Tb)T((-a)Td) T ((~b)Te)T ((-c)re)T(dTe)
((ma)l(=b)yl(~c)ld) [ ((~a)l(~b)le)]((~a)l(~d)|e)|(albld]e)

(en-c)® (chdre)d (dAh-aA-e)d (aA-bA-dA-e) &
(bAcA-an-d)® (cheA-bA-d)® (br-arn-cA-dA-e)

Resolvents, Resolution Sequences and ResolutionDepth

m Resolvents

Resolvents[x, options] generates from the list x of clauses the list xx of all resolvents with respect to the
list of logical variables given by one of the optional arguments, from which, however, some clauses are
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excluded: with the option Reduce ->False, there are excluded clauses that are members of x, and with
the option Reduce ->True there are excluded clauses a part of which is a member of x or xx.
Alternatives for options (default value = the first alternative) :

- Reduce -> True | False,

- Sort -> DeleteDuplicates | Union,

- Variables -> All | list of logical variables.

M={qVvrvs,rv-t,-svt,qv-rvs,qvt,rva-s}

{(qvrvs,rv-t, -svt,qv-rvs, qvt, rv-s}

ClauseQ /@M

{True, True, True, True, True, True}

Resolvents[M, Reduce - False, Sort » #t] & /@ {DeleteDuplicates, Union} // TableForm

qVvs gvsv-t qvrvt gvtva-r qvr
qvr qVs qvrvt qgvsv-t qvtv-r

Resolvents[M, Reduce - #, Sort - Union] & /@ {False, True} // TableForm

qvr qvVvs qvrvt gvsv-t gvtva-r
qvr qVvs

Resolvents[M // Most, Reduce - #, Sort - Union] & /@ {False, True} // TableForm

qvr qVvs rv-s gvrvt qvsv-t qvtv-r
qvr qVvs rv-s

Resolvents[M // Most // Most, Reduce - #, Sort - Union] & /@ {False, True} // TableForm

qVvs rv-s qvrvt gvsv-t qvtv-r
qvVvs rv-s gvrvt qgvtv-r

Resolvents[M // Most // Most, Reduce - #, Sort -» Union, Variables -» {q, s}] & /@ {False, True} //
TableForm

qvrvt qvtv-r
qvrvt gqvtv-r

m FullResolutionSequence and ResolutionDepth

FullResolutionSequence[x, options], where x is a list of clauses, returns a finite sequence x, R[1,x], R[2,x],
R[3,x]...., R[n,x], where R[k,x] is the list of all resolvents generated from clauses in the list
Join[x,R[1,x],...,R[k-1,x]] and satisfying certain condition determined by options Reduce and Rules. The
last member is either empty or contains FALSE. In the case Rules -> True the output contains also cer-
tain rules that are generated and applied before each step R[k,x] in order to reduce the number of clauses
and to find truth values for logical variables in case the list x is satisfiable. In general case, however, the
rules found may not be sufficient to transform all the formulae from x to True.

Alternatives for options (default value = the first alternative) :

- BooleanValues -> { 0, 1} | {False,True} | -> {FalseSymbol, TrueSymbol},

- Print -> False | True

- Reduce -> True | False,

- Rules -> True | False,

- Sort -> DeleteDuplicates | Union,

- Variables -> All | list of logical variables.

Options[FullResolutionSequence]

{BooleanValues - {0, 1}, Print - False, Reduce - True,
Rules - True, Sort - DeleteDuplicates, Variables - All}

ResolutionDepth|[x, options] characterizes the complexity of the list x of clauses by the triple
depth={+n,r,t}, where n is the length of the list FullResolutionSequence[x,options], r is the total number
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of clauses in it, and t is the CPU time spent in the Mathematica kernel. The sign is “+*“ if the list x is
satisfiable, and “-“ in the oppsite case.

Alternatives for options (default value = the first alternative) :

- Reduce -> True | False,

- Rules -> True | False,

- Sort -> DeleteDuplicates | Union,

- Trace -> True | False,

- Variables -> All | list of logical variables.

Options [ResolutionDepth]
{Reduce - True, Rules - True, Sort —» False, Trace -» True, Variables —» All}
Example 1

M1={pvqV-r, -pVsVv-t,rvt,-svt,-pv-u,-~qVvw, -~ qV-u};
FullResolutionSequence[M1, Reduce - True, Rules -» True, Sort - DeleteDuplicates]

{pvqVv-r,sv-pv-t,rvt, tv-s, -pv-u,wv-q, ~qV-w}

{u-0}

{pvqv-r,sv=-pv-t,rvt, tv-s,wv-q, - qV-w}

{gvsv-rv-t, pywv-r,pv-arv-w,pvqvt,rvsv-p, -q}

{q->0, s—>1}

{pVWV-r,pvV-rv-w, pvt}

{p>1,r->0, t->1}

{3

ClearSystemCache[];
ResolutionDepth[M1, Reduce - True, Rules - True, Trace -» #] & /@ {True, False} //
Column[#, Center] &
{{e, 7,0}, {1,6, 0.}, {2,6,0.}, {3,3,0.}, {4,0,0.}}
{4, 22, 0.015625}

FullResolutionSequence[M1, Reduce - True, Rules - True, Sort - Union]

{rvt, tv-s,wv-q, -pv-u, ~qV-w, pvqVv-r,svV-apVv-t}

{u- 0}

{rvt, tv-s,wv-q, ~qV-w, pvqVvV-r,sVvV-pVv-t}

{(-qg,pVvqVt, pYvwV-r,pV-rv-w,rvsv-p, qvsv-rv-t}

{q—->0, s>1}

{pvt, pvwV-r, pv-arv-w}

{p>1,r->0, t->1}
{1

ClearSystemCache[];
ResolutionDepth[M1, Reduce - True, Rules - True, Trace -» #] & /@ {True, False} //
Column[#, Center] &
{{0,7,0}, {1,6,0.}, {2,6,0.}, {3,3,0.}, {4,0,0.}}
{4, 22, 0.015625}
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Example 2

M1={pVvqV-r,-pvsv-t,rvt, -svt,-pv-u, -qVw, - qV-w};
FullResolutionSequence[M1, Reduce -» True, Rules -» False, Sort - DeleteDuplicates]

{pvqVv-r,sv-pv-t,rvt, tv-s, -pv-u,wv-qg, ~qV-w}

{(qVsV-rVv-t,qV-rv-u, pvVwV-r,pv-rv-w,pvqVvt, rvsv-p, -q}

{gvtv-u, pvV=ar,svarv-t, -rv-u, pvt}

{tv-u}

{3

ClearSystemCache[];
ResolutionDepth[M1, Reduce -» True, Rules -» False, Sort - DeleteDuplicates, Trace -» #] & /@
{True, False} // Column[#, Center] &
({6, 7,03}, {1,7,0.}, {2,5,0.}, {3, 1, 0.015625}, {4, 0, 0.}}
{4, 20, 0.}

FullResolutionSequence[M1, Reduce - True, Rules - False, Sort - Union]

{rvt,tv-s,wv-q, -pVv-u, -qV-w,pvqVv-r,sV-pVv-t}

{(-g, pVqVt, pVWwV-r, pvV-rv-aw,qvV-rv-u, rvVsv-p,qvVsv-rv-t}

{pvt,pv-r, -rv-u,qVvtv-u, sv-rv-t}

{tv-u}
{}

ClearSystemCache[];
ResolutionDepth[M1, Reduce - True, Rules - False, Trace -» #] & /@ {True, False} //
Column[#, Center] &
{{0, 7,0}, {1,7,0.}, {2,7,0.}, {3, 6, 0.015625}, {4, 0, 0.}}
(4, 27, ©.015625}

Example 3

Ml1={pvqV-r, -pVsV-t,rvt,-svt, -pv-u, -qVw, - qV-w};
FullResolutionSequence[M1, Reduce - False, Rules - True, Sort - DeleteDuplicates]

{pvqVv-r,sv-pv-t,rvt, tv-s, -pv-u,wv-q, ~qV-w}

{u-0}

{pvqv-r,sv=-pv-t,rvt, tv-s,wv-q, - qV-w}

{(qVsV-rV-t, pVWwV-r, pvV-rv-w, pvqVvt, rvsv-p, -q}

{q->0, s>1}

{(PVWV-r,pV-rv-w, pvt}

{p>1,r->0, t->1}

{3

ClearSystemCache[];
ResolutionDepth[M1, Reduce - False, Rules - True, Sort - DeleteDuplicates, Trace » #] & /@
{True, False} // Column[#, Center] &
{{e, 7,0}, {1,6,0.}, {2,6,0.}, {3,3,0.}, {4,0,0.}}
{4, 22, 0.015625}
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FullResolutionSequence[M1, Reduce -» False, Rules - True, Sort - Union]

{rvt, tv-s,wv-q, -pVv-u, -qV-w,pvqVv-r,sVvV-pVv-t}

{u-0}

{rvt, tv-s,wv-q, -qV-w, pvqVvV-r,sV-pVv-t}

{-qgq,pvqVt, pYWwV-r,pV-arv-w, rvsv-p, qvVsv-rv-t}

{q—->0, s—>1}

(pVt, pVWV-r, pVv-rv-w}

{p>1,r->0, t->1}
{}

ClearSystemCache[];
ResolutionDepth[M1, Reduce - False, Rules - True, Trace -» #] & /@ {True, False} //
Column[#, Center] &

{{e6, 7,0}, {1,6,0.}, {2,6,0.}, {3,3,0.}, {4,0,0.}}
(4,22,0.)

Example 4

M1={pvqV-r,-pvsv=-t,rvt,-svt,-pv-u,-qVw, - qV-w};
FullResolutionSequence[M1, Print - True, Reduce -» False, Rules -» False, Sort - Union]

{rvt,tv-s,wv-q, -pV-u, ~qV-w, pvqVv-r, sVvapVv-t}

{-q, pvqVvt, pvwVvV-r,pvV-rv-w, qv-rv-u, rvsv-p, qvsv-rv-t}

{pvt,pvVv-r, -rv-u, pvtvw, pvtv-w, pv-qVv-r,qvtv-u,rvtv-p,svarv-t,wv-rv-u,
-rV-auV-aw, pvqVvsVv-r,qvrvsvt,qvsv-pVv-t,qVsVv-apV-au, sVWV-rV-at,sVvarv-atVv-w}

{tV-u, pvsv-r,pvtv-q,pVvtv-r,pv-rv-u,qvrvt,rvsvt, rvtvw, rvtv-w, sVv-pVv-u,
tvwv-u, tv-pVv-u, tv-uv-w, -qvV-rv-u, pvqVvsvt, pvqvtv-r, pvsvwv-r,
pvsv-rv-t,pvsvarv-w, pvtv-rv-u,qvrvsv-p,qVvsvtv-u,qVvsv-rv-u,
qvtv-pVv-u, rvsvtvw, rvsvtVv-w, sVWV-pV-t, SVWV-apV-u, sVapV-tV-w,
SVapV-uV-w,sV-aqV-rv-t,sv-arv-tv-u, tvwv-pVv-u, tvapv-uv-uw,

pvgqvsvtvw, pvgVsVvtVv-w, pvqVsVwV-r, pvqVvsV-rv-aw, qVvsvtvwyV-u,
qvsVvtv-uVvV-aw, gqVsVwVv-arv-t, qVsvVwWwV-rv-u, qvVsVv-rv-tv-aw, qvsv-arv-uVv-w}
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{pvrvt, pvsvt,pvtv-u,rvtv-q,rvtv-u, svtv-u, sv-rv-u, tv-qv-u, tv-rv-u,
pvgqvtvw, pvqvtVv-u, pvgqVvtVv-w, pVvrvsvt,pvsvtvw,pVvsvtv-q,pVvsvtv-r,
pvsvtv-u, pvsvtv-w, pvsv-qV-r,pvsv-rv-au,pvtvwv-q,pvtvwv-r,pvtvwv-u,
pvtv-qV-w, pvtv-rv-w, pvtv-uv-w,qvrvtv-p,qvtvwv-u,qvtv-rv-u,
qgvtv-uv-w, rvsvtv-q, rvsvtv-u, rvsvwVv-p, rvsv-pVv-w, rvtv-pv-u, svtvwv-u,
svtv-pV-u,svtv-qv-u, svtv-rv-u, svtv-uVvV-w, SsVWV-rv-u, sVvapv-qV-t,
SsVapVvV-qV-u, sVapVvV-arv-t,sv-apv-rv-u,svV-pVvV-tv-u,sv-qV-rv-u, svarv-uVv-w,
tvwv-qV-u, tvwv-rv-u, tv-pv-qVv-u, tv-pv-rv-u,tv-qv-rv-u, tv-qv-uv-w,
tv-rv-uv-w, pvqvrvsvt, pvqvsvtv-r,pvqVvsvtv-u,pvqVvsVv-rv-t,pvqVvsVv-rv-u,
pvqvtvwVva-r, pvqvtVv-arv-aw, pvsvtvwv-q, pvVsvtvwVvar, pvsvtvwyVv-u,
pvsvtv-qV-w,pVvsvtv-rv-u,pvsvtv-arv-w, pvsvtv-uv-w, pvVsvwVv-qVv-r,
pVSVWV-arv-at, pvsVwVv-arv-u, pvsvaqV-arv-u, pvsv-aqV-rvaw,pVvsv-arv-atv-w,
pvVsV-rvV-auV-w,qvVrvsvtvw, qvrvsvtv-u, qvrvsvtv-w, qvrvsvwVv-p,
qvrVvsv-pV-w,qVsVvtv-pVv-u,qVsVvtv-rv-u,qvVsvwVv-pVv-t,qvVsvwVv-pV-u,
qvVsVv-pV-arv-t,qVsv-pVvV-arv-au, qVsvV-apV-atVv-u, qVsV-apV-atv-aw, qVsV-apV-uVvaw,
qvsVv-arv-tv-u,qvtvwVv-rv-u,qvVtv-rv-auv-w, rvsvtv-apv-u, sVvtvwv-qV-u,
sVtVvwVv-rv-u, svtv-qVvV-uv-w, sVtv-arv-uVv-w, SVWV-pV-rv-u, sVWV-qV-rv-t,
SVWV-qV-rVv-u, sVwWV-rv-tv-u,svV-pVv-qV-rv-u,sVapV-arv-tv-u,sv-apVvV-rv-uVv-w,
sV-aqV-arv-atv-w, sv-qV-rvV-auV-aw, sVarvatv-uv-w, tvwv-qVv-rv-u,
tv-aqV-rv-uv-w, pvqvsVvtVv-arv-u, pvqvsvwVv-arVv-au, pvqvsVv-arv-auvVv-aw,
pvVsVtVWV-rv-u, pvsvtv-arv-uv-w, qVsvVtvwVv-pV-u, gVsvVtvwv-rv-u,
qvVsVvtv-pV-rv-u,gqvVsVvtv-pVv-uV-w,qVsVtVv-rv-uv-w,qVsSVWV-pV-rva-u,
qvsV-apV-rvVv-atVv-u, qVsVv-apV-rVauV-aw, sVWV-pV-qV-rv-u, sVvapVv-qVvV-rv-uV-w}

{pvgvrvt, pvrvtvw, pvrvtv-q, pvrvtv-u, pvrvtv-w,pvtv-qVv-r,pvtv-qVv-u,
qvrvtvw, qvrvtv-u,qvrvtv-w, rvsvtv-p,rvsv-pv-q, rvsv-apv-t, rvsv-pVv-u,
rvtvwv-p, rvtvwv-q, rvtvwv-u, rvtv-pv-w, rvtv-qv-u, rvtv-qV-w,
rvtv-uv-w, pvqvtvwVv-u, pvgvtv-rv-u, pvgvtv-uv-w,pVvrvsvtvw, pvrvsvtv-q,
pvrvsvtv-u, pvrvsvtv-w, pvsvtv-qVv-r,pVvVsvtv-qVv-u,pVvsv-qVv-rv-t,
pvsvVv-rv-tVv-u, pvtvwv-qVv-r,pvtvwv-qVv-u, pvtvwv-rv-u, pvtv-qVv-rv-u,
pvtv-qV-rv-w, pvtv-qVvV-uV-w, pvVtv-rv-uv-w,qVrvsvtv-p,qvrvsv-pv-t,
qvrvsva-apVv-u, qVrvtvwVv-p, qvVrvtvwVv-u, qvrvtVv-pVvV-aw,qvrvtv-uvaw,
qvtvwVv-pVv-u,qvtv-pVvV-arv-u, qvVtv-pvV-auVvV-aw, rVsvtvwVva-ap,rvsvtvwv-q,
rvsvtvwv-u, rvsvtv-pv-w, rvsvtv-qVv-u, rvsvtv-qVv-w, rvsvtv-uvVv-w,
PVSVWV-pV-qg, PVSVWV-pV-t, PVSVWVapV-au, rVSVapVaqV-u, rVsVapV-qV-w,
rvsv-pv-tv-aw, rvsv-pv-uV-w, rvtvwv-pv-u, rvtvwv-qv-u, rvtv-pv-uVv-w,
rvtv-qVv-uv-w, sVtvwv-pV-u, svtv-pv-qV-u, sVtV-apVv-arv-u, sVvtv-pv-auvVv-w,
svtv-qV-rv-u, sVwV-pVv-qV-t, sVwVv-pVv-qV-u, sVWV-pV-rVvV-t,svwVv-pVv-tVv-u,
SsVapV-qV-rv-t, svapv-qV-tV-aw,sV-pV-qV-uVvV-w, sVapVvV-rv-tvVv-w,
SVapV-atVv-uv-w, sVvaqV-rvV-tv-u, tvwv-pv-qV-u, tVwVv-pVvV-rv-u,
tv-pv-qV-rv-u, tv-pv-qVv-uVv-w, tvVv-a-pV-rv-uv-w, pvqvrvsvtv-u,pvqVvsvtvwyVv-u,
pvgqvsvtv-uV-w, pvqVvsVv-rvatv-u,pvqvVtvwVv-rv-u,pvqvtv-rv-uVv-w,
pvrvsvtvwv-u, pvrvsvtv-uv-w, pvsvtvwv-qVvV-u, pvsvtv-qVv-rv-u,
pvsvtv-qV-uVvV-w, pvVsSvVWV-qV-arv-au, pvsvwv-rv-tv-u,pvsv-qVvV-rv-tv-u,
pvsv-qV-rv-uV-w, pvVsvV-rv-tv-uv-w, qvVrvsvtvwv-u,qvrvsvtv-pvVv-u,
qvrvsvtv-uVvVaw, qVrvsvVwVv-pV-au, qVrvsv-apVv-auVvV-w, qVsVWV-pV-tVv-u,
qvVsVvVwV-rv-tv-u,qVsVv-pV-atv-auv-aw, qvVsv-arvatv-uv-w,qvtvwyv-apVv-arva-u,
qgvtv-pVv-arv-uVvV-aw, rVsvtvwv-pVv-u, rvsvtvwv-qVvV-u, rvsvtv-pv-qVv-u,
rvsvtv-pv-auv-w, rvsvtv-qVv-uVvV-w, sVtVwWV-pVvV-qV-u, sVtVwVv-pVv-rva-u,
svtvwv-qV-rv-u, svtv-pv-qV-rvau, sVvtv-apv-gqV-uVvV-aw,sVtvVv-pVvV-arv-auVv-w,
sVtv-qV-rv-uV-w, sVWV-pV-rv-tv-u,svwv-qVvV-rv-tv-u,sv-pv-qV-rv-tv-u,
SVapVarvatv-uvV-w,sv-gqV-rv-tv-uv-w, tVvwv-pVv-qV-rv-u, tv-a-pv-qVvV-rv-uv-w}

{rvtv-pVv-q,pVvqVvrvtv-u, pvrvtvwVv-u, pvrvtv-qVv-u, pvrvtv-uv-w,
qvrvtv-pVv-u,rvsvtv-pv-q, rvsv-pv-qV-t,rvsv-pv-tv-u,rvtvwv-pv-q,
rvtv-pv-qVv-u, rvtv-pv-qV-w, sV-apVv-qVv-tv-u,pvrvsvtv-qVv-u,
pvtvwv-qV-rVv-u, pvtv-qVvV-rv-uVvV-aw, qvVrvsv-apVv-atv-u,qvrvtvwVv-pVv-u,
qvrvtVv-pVvV-uV-aw, rVSVWV-pV-qV-ouUu, PVSVWV-pV-tV-u,rVsv-pVv-qV-tV-u,
rvsv-pv-qV-uV-w, rvsv-apv-tv-uV-w, sVWV-pV-qV-tVv-u,svVapV-qV-tVv-uVv-w}
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{rVvtvwVv-pVvV-qV-u, rVtVv-pV-qV-uVv-w}

{3

ClearSystemCache[];

M1={pvqV-r, -pVsVv-t,rvt, -svt,-pv-u,-qvw, - qV-w};

ResolutionDepth[M1, Reduce - False, Rules -» False, Sort - Union, Trace - #t] & /@ {True, False} //
Column[#, Center] &

({0, 7,0}, {1, 7, 0.}, {2, 17, 0.}, {3, 44, 0.83125}, {4, 125, 0.4375},
(5, 133, 13.5}, {6, 26, 69.4375}, {7, 2, 25.4688}, {8, @, 3.125}}
(8, 361, 114.516}

Example 5

M2 ={pVvs,pvrvt,qvr,qVvs,qv-pVvt,rv-qvt,sv-r, tv-s, -t};
FullResolutionSequence[M2, Reduce - True, Rules -» True, Sort - DeleteDuplicates]

{pvs,pvrvt,qvr,qVvs, qvtVv-p,rvtv-q,sv-r, tv-s, -t}

{t >0}

{pvs,pvr,qvr,qvs, qvV-p,rv-q, sv-or, =s}

{s >0}

{p, pvr,qvr,q,qVv-p, rv-q, - rj

{p>1,9q->1,r->0}

(FALSE}

FullResolutionSequence [M2, Reduce - True, Rules -» True, Sort - Union]

(-t,pVs,qVr,qVs,sV-r,tv-s,pvrvt,qvtv-p,rvtv-q}

{t >0}

{_‘ s, pvr,pVvVs,qvr,qVvs, qV-p, rv-gq, S\/—‘r‘}

{s >0}

{P: q, ~r,pvr,qvr, qv-p, r‘\/_‘q}

{p>1,9q->1,r->0}

{FALSE}

ClearSystemCache[];
ResolutionDepth[M2, Reduce - True, Rules - True, Trace -» #] & /@ {True, False} //
Column[#, Center] &
{{6,9, 0}, {1,8,0.}, {2,7,0.}, {-3,1,0.}}
{-3, 25, 0.}

Example 6

M2 = {pVvs,pvrvt,qvr,qVvs,qv-pVvt,rv-qvt,sv-r, tv-s, =-t};
FullResolutionSequence[M2, Reduce -» True, Rules - False, Sort - DeleteDuplicates]

{(pVs,pvrvt,qvr,qVs,qvtVv-p,rvtv-q,sv-r,tv-s, -t}

{rvt, svtv-q,pVvt,qvt, tv-r,pvr,qv-p,rv-q, - s}

{I", sV-qQ, t, p, q, _‘r‘}

{s, - q, FALSE}
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FullResolutionSequence[M2, Reduce -» True, Rules - False, Sort - Union]

{-t,pVs,qVvr,qVvs,sVv-r, tv-s,pvrvt,qvtv-p,rvtv-q}

{-s,pvr,pvt,qvt,qv-p,rvt,rv-q, tv-r,svtv-q}

{P: q, r, t: - r, SV"q}

{FALSE, s, - q}

ClearSystemCache[];
ResolutionDepth[M2, Reduce - True, Rules - False, Trace -» #] & /@ {True, False} //
Column[#, Center] &

Example 7

({0, 9,0}, {1,9,0.}, {2,11, 0.}, {-3, 22, 0.015625} }
(-3, 51, 0.}

M2 = {pVs,pVvrvt,qvr,qVvs,qVv-pVvt,rv-qvt,sv-r, tv-s, =-t};
FullResolutionSequence[M2, Reduce -» False, Rules -» True, Sort - DeleteDuplicates]

{pvs,pVvrvt,gqvr,qVvs,qvtv-p,rvtv-q,sv-r,tv-s, -t}

{t >0}

{p\/s, pvr, qvr,qVvs,qV-p,rv-q,sv-r, ﬁs}

{s >0}

{p) pvr,qVvr,q, qv-p, rv-q, jr‘}

{p>1,9q->1,r->0}

{FALSE}

M2 = {pVs,pVvrvt,qvr,qVvs,qv-pVvt,rv-qvt,sv-r, tv-s, -t};
FullResolutionSequence[M2, Reduce -» False, Rules - True, Sort - Union]

{-t,pVs,qVvr,qVvs,sVv-r,tv-s,pvrvt,qvtv-p,rvtv-q}

(t >0}

{~s,pVvr,pVvs,qvr,qVvs,qVv-p,rv-q,sv-r}

{s >0}

{p, q, ~r,pvr,qvr, qVv-p, r\\/ﬁq}

{p>1,9-1,r->0}

(FALSE}

ClearSystemCache[];
ResolutionDepth[M2, Reduce -» False, Rules - True, Trace - #] & /@ {True, False} //
Column[#, Center] &

{{e,9,0}, {1,8,0.}, {2,7,0.}, {-3,1,0.}}
{-3, 25, 0.}
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Example 8

M2 = {pVs,pVvrvt,qvr,qVs,qV-pVvt,rv-qvt,sv-r, tv-s, -t};
FullResolutionSequence[M2, Reduce -» False, Rules -» False, Sort - DeleteDuplicates]

{pvs,pVvrvt,qvr,qVs, qvtVv-p,rvtv-q,sv-r, tv-s, -t}

{gvsVvt,qvrvt,rvt, rvsvt, rvtv-p,
p\/S\/t, S\/t\/—\q, p\/t, th, tVv- r, p\/r‘, q\/—‘ p, r‘\/—|q, —‘S}

{svt,svtv-p,r,rvs,rv-p,tv-q,sv-q, t,tv-p,p,q, - r}

{S) sSV-p, ~Q, FALSE: - p}

FullResolutionSequence [M2, Reduce - False, Rules -» False, Sort - Union]

{-t,pVs,qVvr,qVvs,sV-r,tv-s,pvrvt,qvtv-p,rvtv-q}

{~s, pvr, P\/t: q\/t; qv-p, rvt, rv-aq,
tv-r,pvsvt,qvrvt,qvsvt, rvsvt, rvtv-p, svtv-q}

p,q, r,t, -r,rvs, rv-p,svt,sv-gq, tv-p, tv-q, svtv-p}

{FALSE: S, " p, " Qq, SV~ p}

ClearSystemCache[];
ResolutionDepth[M2, Reduce -» False, Rules -» False, Trace -» #] & /@ {True, False} //
Column[#, Center] &
{{0, 9, 0}, {1, 14, 0.}, {2,129, 0.}, {-3, 68, 0.015625}}
{-3, 120, 0.015625}

ResolutionSequence

ResolutionSequence[x_List, options] tests whether the list x of clauses is satisfiable or not and in the
positive case with the option Rules -> True finds, in some cases, values of logical variables for which all
clauses in x are true. The algorithm used can be roughly described as a successive elimination of logical
variables.

Alternatives for options (default value = the first alternative) :

- BooleanValues | {False -> 0, True -> 1} | {False -> FalseSymbol, True -> TrueSymbol},

- ItemSize -> Automatic | {width,height},

- Print -> False | True,

- Reduce -> True | False,

- Rules -> True | False,

- SelectionRule -> First | Last | Random,

- Sort -> DeleteDuplicates | Union,

- Spacings -> 1,

- SequenceBreaks -> None | integer > 1 | increasing list of integers > 1,

- Variables -> All | list of logical variables.

Example 1

Ml1={pvgqV-r,-pvsv-t,rvt,-svt,-pv-u, -qVvw, - qV -w};
ResolutionSequence[M1, ItemSize - 40, Print » True, Reduce -» True, Rules - True]
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{pvqVv-r,sv-pv-t,rvt, tv-s, -pv-u,wv-q, - qV-w}

opo

{{pvqVv-r}, {sVv-pV-t, -pV-u}}->{qVsv-rv-t,qv-rv-u},
{rvt, tv-s,wv-q, ~qV-w}

{qvsv-rv-t,qvV-rv-u,rvt,tv-s,wv-qg, ~qV-w}

oqc

{{gqvsv=-rv-t,qv-rv-u}, {(Wwv-qg, ~qV-w}} > {svwv-rv-t,
WV-rv-u,sV-rv-tv-w, -rv-uv-w}, {rvt, tv-s}

{sVvwV-rv-t,wv-rv-u,svarv-tv-w, -rv-uv-w, rvt, tv-s}

oNe

{{rVvt}, {sVWV-PrV-t,wV-rv-u,svV-arvatv-aw, -rv-uv-w}} -
{tvwv-u, tv-uv-w}, {tv-s}

{tvwv-u, tv-uv-w, tv-s}

*S > Qe

{tvwv-u, tv-uv-w}

et > 1

{3

ce{sS 50, to1)es

{pvaqVv-r, op, apV-ou,wv-q, - qV-w}

epe

{{wv-aq}, {-gqv-w}}->{-q}, {pvqVv-r, -p, ~pV-u}

{-q,pvqVv-r, =-p, ~pVvV-u}

‘U0

{-d,pvagv-r, ~p}

or 0.

{_‘qJ _‘p}

°q%0°

{-p}

opﬁao

{}

ee{s50,t->1,u->0,r-0,q->0,p >0}

Ml1={pvgqV-r,-pvsva-t,rvt, -svt,-pv-u, ~qvw, - qV-w};
ResolutionSequence[M1, ItemSize » {40, Automatic},
Print -» True, Reduce -» False, Rules -» True, SequenceBreaks - 7]
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{pvqVv-r,sv-pv-t,rvt, tv-s, -pv-u,wv-q, - qV-w}

opo

{{pvqVv-r}, {sVv-pV-t, -pV-u}}->{qVsv-rv-t,qv-rv-u},
{rvt, tv-s,wv-q, ~qV-w}

{qvsv-rv-t,qvV-rv-u,rvt,tv-s,wv-qg, ~qV-w}

oqc

{{gqvsv=-rv-t,qv-rv-u}, {(Wwv-qg, ~qV-w}} > {svwv-rv-t,
WV-rv-u,sV-rv-tv-w, -rv-uv-w}, {rvt, tv-s}

{sVvwV-rv-t,wv-rv-u,svarv-tv-w, -rv-uv-w, rvt, tv-s}

ore

{{rvt}, {sVWV-rv-t,wVv-rv-u,sv-rv-atv-w, -rv-uv-aw}} -
{tvwv-u, tv-uv-w}, {tv-s}

{tvwv-u, tv-uv-w, tv-s}

es 5 0.

{tvwv-u, tVv-uv-w}

et > 1

{}

ee{s 50, to1)es

{pvgqVv-r, -p, =pV-u,wv-q, ~qV-w}

ope

{{wv-q}, {-qV-w}}->{-q}, {pvqV-r, -p, -pV-u}

{_‘qJ pvqv-r, - p, “P\/ﬂu}

‘u-0.

{_‘qJ pvqv-r, “P}

or 0.

{_‘qJ _‘p}

°q%0°

{-p}

opﬁao

{}
ee{s>50,t->1,u->0,r-0,q->0,p—>0}ee

Ml1={pvgqV-r,-pVvsva-t,rvt, -svt,-pv-u, ~qvw, - qV-w};
ResolutionSequence[M1, Reduce -» True, Rules - False]
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{pvqVv-r,sv-pv-t,rvt, tv-s, -pVv-u,wv-4qg, ~qV-w}

opo

{{pvqVv-r}, {sV-apV-t,-pVv-u}}->{qVvsv-rv-t,qv-rv-u},
{rvt, tv-s,wv-q, ~qV-w}

{gvsv-rv-t,qv-rv-u, rvt,tv-s,wv-q, ~qV-w}

oqo

{{qvsv-rv=-t,qv-rv-u}, (Wv-qg, ~qV-w}} >
{sVvwV-rv-t,wv-rv-u,sv-rv-tv-w, -rv-uv-w}, {rvt,tv-s}

{svwV-rv-t,wv-rv-u,sv-arv-tv-w, -rv-uv-w, rvt, tv-sj}

e

{{rVvt}, {sVWV=aPrV-t,wV-arv-u, sVvarv-atv-w, ~rv-auv-w}} -
{tvwv-u, tv-uv-w}, {tv-s}

{tvwv-u, tv-uv-w, tv-s}

eSe

{{tv-s}}, {tvwV-u, tv-uVv-w}

{tvwv-u, tv-uVv-w}

ope

{{tvwv-u}, {tV-uv-w}} > {tVv-u}

{tv-u}

Ml1={pvgqV-r,-pvsva-t,rvt, -svt,-pv-u, -qvw, - qV-w};
ResolutionSequence[M1, Reduce -» False, Rules - False]

{pvqVv-r,sv-pv-t,rvt,tv-s, -pVv-u,wv-qg, ~qV-w}

op.

{{pvqVv-r}, {sV=apV-t, -pVv-u}}->{qVvsv-rv-t,qv-rv-u},
{rvt,tv-s,wv-qg, ~qV-w}

{gqvsv-rv-t,qv-rv-u,rvt,tv-s,wv-q, ~qV-w}

.qo

{{qvsv-rv-t,qVv-rv-u}, (Wv-qg, ~qV-Ww}} >
{sVvwWwV-rv-t,wv-rv-u,sv-rv-tv-w, -rv-uv-w}, {rvt,tv-s}

{SVWV-PV-t,wV-PrV-u,svV-rv-tv-w, -rv-uv-w, rvt, tv-s}

ope

{{rvt}, {sVvWVarVv-t,wv-rv-u, svarv-atv-w, -rvauv-w}} -
{tvwv-u, tVv-uv-w}, {tv-s}

{tVvwVv-u, tVv-uv-w, tv-s}

eSe

{{tv-5s}}, {tvwV-u, tVv-uv-w}

{tVvwVv-u, tv-uv-w}

oo

{{tvwv-u}, {tV-uv-w}} > {tVv-u}

(tv-u}
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Example 2

Ml1={pvgqV-r,-pVvsva-t,rvt, -svt,-pv-u, -qvw, - qV-w};
ResolutionSequence[M1, Reduce -» True, Rules - True, SelectionRule - Last, Sort - Union]

{rvt, tv-s,wv-q, -pVvV-u, -qVvV-w,pvqVv-r,svV-apvVv-t}

oe

{{ijq}z {qujw}}%{jq}: {I“\/t, t\/ﬁS, ~pvV-ou,pvqv-or, SVﬁp\/ﬁt}

{-q,rvt,tv-s, -pV-u,pvqv-r,sv-pVv-t}

‘U0

{-q,rvt,tv-s,pvqVv-r,sv-pVv-t}

o‘to

{{rvt, tv-s}, {sv-pV-t}} > {rvsv-p}, {-q,pvqVv-r}

{-d,pvgv-r, rvsv-p}

es > 1e

{~a,pvav-r}

or > Qe

{-a}

°q—> 0

{3
ee{q->0,r->0,s->1,u—>0}ee-
{t}

ot 5 e

{3
ee{q->0,r-0,s->1,t>1,u—>0}e-
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M1={pvqV-r,-pVvsv-t,rvt,-svt,-pv-u, -qVw, - qV-w};
ResolutionSequence[M1, ItemSize -» {38, Automatic}, Print -» True, Reduce - True,
Rules - True, SelectionRule - Random, SequenceBreaks - 7, Sort - Union]

{rvt, tv-s,wv-q, -pVv-u, -qV-w,pvqVv-r,svV-pVv-t}

oqo

{{pvgv-r}, {(wv-4q, ~qvV-w}} > {pVWV-r,pvV-rv-aw},
{rvt, tv-s, -pV-u,sv-pVv-t}

{rvt,tv-s, -pV-u, pvwVv-r,pv-arv-w, sv-apVv-t}

opo

{{pvwVv-r,pvV-rv-w}, {-pV-u,svV-pv-t}} > {wv-rv-u,
-PrV-aUuV-wWw, SsVWV-rvV-t,sv-rv-tv-w}, {rvt, tv-s}

{rvt, tv-s,wv-rv-u,
SPrVauV-aw, sSVWV-arv-at,sVvarv-atv-w}

eSe

{{sVvWwV-rVv-t,sv-arv-tv-w}, {tv-s}t} > {},
{rvt,wv-rv-u, -rv-auVv-w}

{(rVt,WwV=arv-u, arv-auv-w}

oNe

{{rvt}, (WV=rV-u, -rvVv-auv-w}}-> {tvwv-u, tv-uv-w}

{tvwv-u, tv-uVv-w}

ot 5 1.

{3

o.{‘tg)l}oo

{sV-p,WwV-q, ~pV-u, -qvV-w,pvqVv-r}

or Qe

{sV-p,WwV-q, ~pV-u, ~qQV-w}

o|\e

{{wv-aq}, {-gqv-w}}->{-q}, {svVv-p, ~pV-u}

{_‘q: SV-p, _‘p\/_‘u}

es > 1e

{-q, ~pv-u}

‘U0

{-q}

nq%@o

{}

ee{—>0,r-0,s->1,t>1,u—->0}e-
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Example 3

M2 = {pVs,pVvrvt,qvr,qVs,qVv-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence[M2, Reduce - True, Rules - True]

{pvs,pvrvt,qvr,qVvs,qvtv-p,rvtv-q,sv-r,tv-s, -t}

opo
{{pvs, pvrvt}, {qvtVv-p}}>{}, {qVvr,qVs,rvtv-q,sv-r,tVv-s, -t}

{(qvr, qVs, rvtv-q,sv-r, tv-s, -t}

oq.

({qvr, qvs}, {(rvtv-ql} > {rvt, rvsvt}, {sv-r,tv-s, -t}

{rvt, rvsvt,sv-r, tv-s, -t}

e

{{rvt, rvsvt}, {sV-ar}} > {svt}, {tv-s, -t}

(svt,tv-s, -t}

eSe

{{svt}, {tv-s}} > {t}, {-t}

{tz - t}

ot

{{t}, {~t}} > {FALSE}

{FALSE}

M2 = {pVvs,pvrvt,qvr,qVs,qVv-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence [M2, Reduce - True, Rules - False]

{pvs,pvrvt,qvr,qVvs,qvtv-p,rvtv-q,sv-r,tv-s, -t}

opo

{{pvs, pvrvt}, {qvtVv-p}}>{}, {qVvr,qVs,rvtv-q,sv-r,tVv-s, -t}

{qvr,qVvs, rvtv-q, sv-r, tv-s, -t}

oqo

{{qvr,qvs}, {rvtv-q}} > {rvt,rvsvt}, {sv-r,tv-s, -t}

{rvt, rvsvt,sv-r, tv-s, -t}

oe

{{rvt, rvsvt}, {sV-ar}} > {svt}, {tv-s, -t}

{svt, tv-s, -t}

eSe

{{svt}, {tv-s}} > {t}, {-t}

{t.v - t}

ote

{{t}, {~t}} > {FALSE}

(FALSE}
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M2 ={pVvs,pVvrvt,qvr,qvs,qv-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence [M2, Reduce - False, Rules - True]

{pvs,pVvrvt,qvr,qVs, qvtVv-p,rvtv-q,sv-r, tv-s, -t}

op-

{{pvs,pvrvt}, {(qvtv-p}} ->{qVvsvt,qvrvt}, {qvr,qVs,rvtv-q,sVv-r,tv-s, -t}

{qvsvt,qvrvt,qvr,qVvs, rvtv-q,sv-r,tv-s, -t}

.q.

{{qvsvt,qvrvt,qVvr,qVvs}, {rvtv-q}} > {rvsvt,rvt}, {sVv-r,tv-s, -t}

{rvsvt, rvt,sv-r, tv-s, -t}

e

{({rvsvt, rvt), {sv-rl} > {svt}, {tv-s, -t}

{svt, tv-s, -t}

eSe

{{svt}, {tv-s}} > {t}, {-t}

{t) - t}

ot-

{{t}, {-t}} > {FALSE}

{FALSE}

M2 = {pVs,pVvrvt,qvr,qVs,qv-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence [M2, Reduce - False, Rules - False]

{pvs,pVvrvt,qvr,qVs, qvtVv-p,rvtv-q,sv-r,tv-s, -t}

cpo

{{pvs,pvrvt}, {(qvtv-p}} > {qVvsvt,qvrvt}, {qvr,qVs,rvtv-q,sv-r,tv-s, -t}

{qvsVvt,qvrvt,qvr,qvs,rvtv-q,sv-r, tv-s, -t}

.ql

{({qVvsVvt, qvrvt, qvr, qVs}, {rvtv-q}} > {rvsvt, rvt}, {sv-r,tv-s, -t}

{rvsvt,rvt,sv-r,tv-s, -t}

e

{{rVvsVvt,rvt}, {sVar}} > {svt}, {tv-s, -t}

(sVt, tv-s, -t}

eSe

{{svt}, {tv-s}} > {t}, {-t}

{t) - t}

ote

{{t}, {-t}} > {FALSE}

{FALSE}
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Example 4

M2 = {pVs,pVvrvt,qvr,qVs,qVvV-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence[M2, Reduce -» True, Rules -» True, SelectionRule - Last]

{pvs,pVvrvt,qvr,qVvs, qvtv-p,rvtv-q,sv-r, tv-s, -t}

ot > 0.

{pVvs,pvr,qvr,qVvs,qV-p,rv-q,sv-r, os}

es > 0

{p, pvr,qVvr,q, qvV-p, rv-q, jr‘}

or Qe

{p, a4, qVvV - p, ﬁq}

.qo
{{d, qv-p}, {~a}} > {FALSE, - p}, {p}
{FALSE, - p, p}

M2 = {pVvs,pvrvt,qvr,qVs,qVv-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence [M2, Reduce - True, Rules - False, SelectionRule - Random]

{pvs,pVvrvt,gqgvr,qVvs,qvtv-p,rvtv-q,sv-r, tv-s, -t}

ote

{{pvrvt, q\/tvjp.v rvtv-q, tvjs}: {(~t}}>{pvr,qv-p,rv-q, -~ s},
{pVs,qVvr,qVs, sV-r}

{P\/f‘: qv-p,rv-q, ~s,pVvs,qvr, qVs, S\/—‘I"}

oPe

{{P\/r'; rv-gq, q\/r‘}) {sv-r}}- {s\/—|q}, {qV“P; oS, pVs, qu}

{SVﬂCi; qVv-p, ~s,pVs, qVS}

oqo

{{gv-p,qvs}, {sv-q}} > {sv-p, s}, {-s,pVs}

{S\/—‘pj S, 7S, p\/s}

eSe

{{sv-p,s,pVvs}, {~s}} > {-p, FALSE, p}

{= P, FALSE: p}

M2 = {pVvs,pVvrvt,qvr,qvs,qv-pVvt,rv-qvt,sv-r, tv-s, -t};
ResolutionSequence [M2, Reduce - False, Rules - True, SelectionRule - Random]

{pvs,pVvrvt,qvr,qVs,qvtVv-p,rvtv-q,sv-r, tv-s, -t}

e

{{pvrvt, qvr,rvtv-ql, {sv-r}} - {pvsvt,svtv-q},
{pvs,qVvs,qvtVv-p, tv-s, -t}

{pvsvt,svtv-q,pVvs,qVvs,qVtv-p, tv-s, -t}

cpo

{{pvsvt,pvs}, {(qvtv-p}} > {qvsvt}, {svtv-q,qVs, tv-s, -t}

{qvsvt,svtv-q,qVs, tv-s, -t}

*t >0
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{qu: svV-q, js}

oqo

{{avs}, {sv-q}} > {s}, {-s}

{s, ~s}

eSe

{{s}, {-s}} > {FALSE}

{FALSE}

M2 = {pVs,pVvrvt,qvr,qVs,qV-pVvt,rv-qVvt,sv-r, tv-s, -t};
ResolutionSequence[M2, Reduce - False, Rules - False, Variables » {t, s, r, q, p}]

{pvs,pVvrvt,gqvr,qVs, qvtVv-p,rvtv-q,sv-r, tv-s, -t}

ote

{{pvrvt,qvtVv-p,rvtv-gq, tv-s}, {-t}} > {pVvr,qv-p,rv-q, ~sj},
{(pVs,qvr, qVvs, sV-r}

{pvr‘, qv-p,rv-q, ~s,pVvs,qvr, qVs, S\/jr‘}

eSe

{{DVS, qVvs, Svjr'}: {js}}ﬁ{p) q, jr‘} > {pvr‘, qv-p, rv-aq, qu‘}

{p, g, ~r,pvr,qv-p, rv-gq, qvrj

e

{{pvr,rv-q,qvr}, {-rt}>{-9}, {p,q,qVv-p}

{jq: p, g, q\/jp}

.qo

{{d, av-p}, {-a}} > {FALSE, ~p}, {p}

{FALSE: - p, P}

ResolutionTable

ResolutionTable[x_List, options] tests whether the list x of clauses is satisfiable or not. It uses almost the
same algorithm as ResolutionSequence but the result is presented in the form of a table.
Alternatives for options (default value = the first alternative) :

- BooleanValues -> {0, 1} | {False -> FalseSymbol, True -> TrueSymbol} | None,

- Dividers -> All | as for Grid,

- ItemSize -> Automatic | {{Automatic, {1.5}}, 1},

- Print -> False | True,

- Reduce -> False | True,

- Rules -> False | True,

- SelectionRule -> First | Last | Random,

- Sort -> DeleteDuplicates | Union,

- TestResult -> False | True,

- TableBreaks -> None | integer > 1 | increasing list of integers > 1,

- Transpose -> False | True,

- Variables -> All | List of logical variables.



Options[ResolutionTable]

Example 1
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{BooleanValues —» {0, 1}, Dividers » All, ItemSize — Automatic, Print — False,
Reduce - False, Rules - False, SelectionRule - First, Sort — DeleteDuplicates,
TableBreaks - None, TestResult —» False, Transpose - False, Variables —» All}

M1={pVvqV-r, -pvsv-t,rvt, -svt,-pv-u, -qVw, - qV-w};
ResolutionTable [M1, Reduce - False, Rules - False, TestResult - False]

5] plgq|r|s|t|ufw
pvgqv-r 1 . . . . . .
sVapVv-t o[ T]-

rvVt e o[22 e [eeT-
tV-s e | e el
-pV-u (%] . . . . . .
WV -q e @ e |-
-qV-Ww . (%] . . . . .
epe
qvsv-rv-t e |1 | e | e | e ||
q\/ﬁr‘vﬁu . 1 . . . . .
°qe
SVWV-rvVat [e|e|[O e ]e]e]e
WV-PrVau e[ jO@ |||
SVarVatV-w|e [ |OQ ||| |-
- rV=auV-w . . (%) . . . .
epe
tvVwVv-u el e[| |2 -]
tv-uv-w . . . e [ 1 [ o o
°Se

ote

ous

owe

M1={pvqV-r, -pvsv=-t,rvt,-svt,-pv-u,-qVw, ~qV-w};
{ResolutionTable[M1, Reduce - True, Rules -» True, SelectionRule - First, TestResult - True],

", ResolutionTable[M1, Reduce - True, Rules - True,
SelectionRule - First, TestResult -» False]} // Row
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] plgfr|s|t]u]|w
p\/qvﬁr‘ 1 . . . . .
SV~ (VA o (%] . . . . . .
p 0 5
rvt . . 1 . . . . oy 1
ar
tv-s . . . (%] . . . PvVa
SsVapv-t 0
—|p\/—‘u (%] . . . . . .
rvt .
wV-q . (] . . . . .
tv-s .
_|q\/—\w . (%] ) ) . . .
-pV-u 0
.po
WV -q .
qvsv-rv-t | |2 e[ 1-
—\q\/—|W .
qv-rv-u . 1 . . . . . 5
-qo
qvsVv-rv-t D
SVWV-rv-t . . (%) . . . .
qv-rv-u .
WV-rv-u . . %) . . . .
SVorvV-tv-ow|e |0 ||| q
sVwv-rv-t . 0
- rVv=-uV-w . . (%] . . . .
r WV-aPrVvV-ou . 2]
SVarV-atv-w]| e 0
tvwVv-u o | e | e | e |1 | e |
SPV-aUuUVaWw . 0
tv-uv-w o [ o | e[ e 1] e ]
cr‘o
*S > 0
tvwv-u D
et > 1
tv-uv-w D
L plalrle|l|u]|w
*S > 0
O O1q|r |0 |1 |u|w
et > 1
O 0 1q|0]|]0 |1 ]|u|w
O (0|0 |0 |1 |u|w
True

Example 2

M2 = {qV-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, ~t};
ResolutionTable[M2, ItemSize -» {{7, {1}}, 1}, Print - False,
Reduce - False, Rules - True, Sort -» DeleteDuplicates, TableBreaks - 10,
TestResult -» True, Variables -» {t, s, r, q, p}] // Row[#, ", "] &

O t[s[r
alP O t[s
rvtv-q |1 ] ]*|°]-
s > 0.
sV-ar . 1 . . . -
pvrvt b U R B
°r—> 0
tv-s B RERERE
- q . .
qVv-p . . . 1 . R
jt 0 . L] . . pe
e > Qe
to0- q
r‘\/ﬁq . . 1 . . p
opo
pvr . . 1 . .
FALSE LI
-1 S . @ . . .
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M2 ={qVv-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, -t};
ResolutionTable [M2, ItemSize -» {Automatic, {2, {1}}}, Reduce - False, Rules - True,
Sort - DeleteDuplicates, TableBreaks -» 5, Transpose - True, Variables -» {t, s, q, r, p}] //
Partition[#, 2] & // Grid[#, Alignment -» {Left, Top}] &

Birvtv-q|sv-r|pvrvt|tv-s|qv-p| |B|-t|st>0|rv-qg|pVvr|-s
t 1 . 1 1 o t] o . o D
S . 1 . . . s | . . . )
q . . . . 1 al . ) . .
r . . . . . rl . . 1 .
) . . . . . pl - . . .
H|ess0|-r eqe |PV-p|er—0e° | -p|p| epe |FALSE

€ . - . T ] « |- .

S . . s« [ .

q . y . al - |- .

r (%} 1 r| o |[e .

p . = . p| o |1 .

RefutationTree

RefutationTree[x] decides whether the list x of clauses is satisfiable or not and in the later case outputs
refutation tree of a list of in a convenient graphic form.

Alternatives for Options (default value = the first alternative):

- Format -> TreePlot | TableForm | List,

- Frame -> True | False,

- RootPosition -> Right | Left | Top | Bottom,

- SelectionRule -> First | Last | Random,

- Sort -> DeleteDuplicates | Union,

- TableSpacing -> Automatic | {nonnegative integer, nonnegative integer}.

Options [RefutationTree]

{AspectRatio » Automatic, DirectedEdges - True, Format - TreePlot,
Frame - True, ImageSize » {500, Automatic}, ImagePadding - All,
PlotTheme —» ClassiclLabeled, RootPosition —» Right, Root — FALSE,

SelectionRule - First, Sort —» DeleteDuplicates, TableSpacing - {0, 0}}

Example 1

M1={pvqV-r,-pvsv=-t,rvt, -svt,-pv-u, -qVw, = qV-w};
RefutationTree[M1, PlotTheme -» "ClassiclLabeled"]

The set of clauses is satisfiable
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Example 2

M2 ={qVv-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, -t};
tree = RefutationTree[M2, ImageSize -» {600, Automatic}, PlotTheme -» "ClassicLabeled"]

rvtv-gq qviv-p pvrvt

\ \
{svr}, tv-gq tvop rvt
/ /
q

-p

Y
Y

\ \
{tv-sh, {~rk -
/ /

T

FALSE

/

"t} {svark

\ \
{7sh {"th, {~th t
/ /

{tv-sh {"rh {~th

Y

{"sh

s

s

Rotate[tree, 20 Degree]

ense



Example 3
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M2={qVv-pVt,rv-qVt,sv-r,pvrvt,tv-s,qv-p, ~t};

RefutationTree[M2, RootPosition - Right,

SelectionRule -» Random, PlotTheme -» "ClassicLabeled", VertexSize - 0.8]

rvtv-g

/

{3

{sv-r},
{tv- s}z\ / =k
/ {"sh

{~thy

pvrvt

\/

rv-q qv-p

\/

{tv-sh

\/

pvr

;
ﬂp \\\\\\\‘
FALSE

/

{7rh

N

{svaryy

\/

{"sh

Example 4

M2 ={qv-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, -t};

gg = RefutationTree [M2, AspectRatio » 0.5,

PlotTheme -» "ClassicLabeled", RootPosition -» Bottom, SelectionRule - Last]

{7tk {tv-sh,

Y

{7s}, {svark, {t}; rvtvag
{°rk, rv-q
= qv-p

N/

"t {tv-sh

N

{7sh {svorh {~th

NSNS
N

p

pvrvt

FALSE
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Example 5

M2 = {qV-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, - t};
RefutationTree[M2, Format -» TableForm]

pvrvt
rvte
qvtv-p
etV - pe
rvtv-gq
otV - qe
SVar
e e
tv-s
e Se
-t
* qo
-t
* po
-t
ote
SVar
e e
tv-s
e Se
-t
*FALSE-
-t

M2 ={qv-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, -t};
RefutationTree[M2, Format - TableForm, RootPosition - Left, TableSpacing -» {0.5, 1}]

pvrvt
ervte
qvtv-p
etV - pe
rvtv-gq
etV qe
sVar
e e
tv-s
e Se
-t
* qo
-t
° po
-t
ote
sV-r
e e
tv-s
e Se
-t
*FALSE -
-t
Example 6

M2 ={qv-pVt,rv-qvt,sv-r,pvrvt,tv-s,qv-p, -t};
RefutationTree[M2, Format -> List]

{t > FALSE, rvt->t, pVrvt->rvt, -p->rvt,tv-p->-p,qvtv-p->tv-p,
-gq->tv-p,tv-q->-qg,rvtv-gq->tv-q, {-r},>tv-q, {sVar}, > {-ri,,
{msta=>{rly {tVvasi, > {=s}y, {~tis>{-s}y {~tha>-0q, {(-t}y>-p, {~r};1>t,
{svarhy-> {=r}y, {~shi>{-r}y, {tVas}ty > {-s}y, {~t}3-> {~s}s, {- 1t} > FALSE}
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graph = RefutationTree[M2, Format -> List] /. {Subscript[{u_}, _] » u} // Union

{t - FALSE, -p>rvVvt, -gq->tVv-p,-r-t,-r->tv-q, - s->-r,
-t->FALSE, -t—>-p,-t>-q,t>-5s,rvVtot,sVar->-r,tv-p--p,
tv-gqg->-q,tv-s-s-s,pvrvt-srvt,qvtv-p->tv-p,rvtv-q-tv-q}

Framed [Graph[graph, AspectRatio -» 1/ 2, GraphLayout - "SpringElectricalEmbedding",
ImageSize » {600, 350}, ImagePadding » All, ImageMargins - 0,
VertexLabels - Placed["Name", {Above, After}], VertexLabelStyle -» Directive[Red, Bold, 14],
VertexShapeFunction -» "Circle"”, VertexSize - 0.03 {1, 2}]]

pvrvt
svar

tv-s

/

rvtvaq
qviv-p




