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I 1. Installation.

clifford.m

In order to install clifford.m (core of the Clifford Algebra package), just copy thecl i f f or d. mfileinto the directory;

(Mathematica installation dir)\Wolfram Research\Mathematica\X.X\AddOns\ExtraPackages

Clifford.nb

To have access to a palette that contains some functions of clifford.m without typing the whole word. Just copy the
difford. nbfileto;

(Mathematica installation dir)\Wolfram Research\Mathematica\X.X\SystemFiles\FrontEnd\Palettes

Now, the palette will be in the Palettes submenu of the File menu.



Documentation.
The documentation includes this user guide and a brief description of al the functionsof cl i f f or d. m Thus, to put the
documentation in the help browser of Mathematica's FrontEnd, just copy the Clifford.m folder into:

(Mathematica installation dir)\Wolfram Research\Mathematica\X.X\Documentation\English\AddOns

Now, in order to view it in the Help Browser, it must be edited the Br owser Cat egor i es. mof the last folder with the
next lines,;

Hel pDi rectoryLi sting[{ToFil eNane[{"AddOns","Clifford"}]}, Fal se],
ItenfDelimter],

So, the Br owser Cat egor i es. mwould be like the following example.

Br owser Cat egory[ " Add- ons & Li nks", None,
{

Hel pDi rect oryLi sting[{ToFi |l eName[ {"AddOns", "difford"}]}, False],
ItenDelimter],

Br owser Cat egory[ "Wl fram Research Products", None,

Br owser Cat egory[ " Mat hemat i ca Applications”, None,

{
Iten] " Mat hemati ca Applications from Wl fram Research", ...,
ItenfDelimter],
Iten] " Mat hemati ca Packages from | ndependent Devel opers", ...,
Iten]"Qther Mathematica Applications”,
M
Br owser Cat egory[ "Wl fram Educati on Trai ni ng", None,
{...

Finally, go to the Hel p menu and select Rebui | d Hel p | ndex. Now, the help for cliffordmisintheHel p Browser.

I 2. Introduction.

The Clifford algebra of the vector space RP9, with abilinear form (X, y) of signature p and an orthonormal basis
{er, &, ..., &}, i=12, ..,n(=p+Q),isgenerated by RP9 with therelation

ae+ea=2e e)
where
(e, e)=01if i=]j

@ey=1if i=1, ..,p
(g,6y=-11if i=p+1, ..,n

i fford. misapackage for doing general calculations with Clifford Algebra of RP9, using Mathematica 5.0 or higher.
All results are given in terms of the orthonormal basis vectors{e;, &, ..., &)}

Insessionwith Cl i f f or d. m basis vectors g are denoted by e[ i ] . For instance, the multivectors



A=ae +be
B=1+axb+(5-a)e e

T=17e +a%¢e, 6,63,

must be written as

<<"clifford. nl

A=zaxe[l] +bxe[2];
B=1+axb+ (5-a)xe[l] xe[2];
T=17+e[l] +a’*e[l] xe[2] xe[3];

Care must be taken in preserving the canonical order of the expression since we are using the commutative product * of
Mathematica and expression are automatically rewritten in canonical order. The use of the function Geonet ri cPr oduct
is recommended in order to avoid mistakes, thus for example the multivector B = e; e3 &, must be written as

| B = Geonetri cProduct [e[1], e[3], €[2]]
| -e; €3 €3

But as a short cut we can type directly
| B=-e[l] e[2] e[3]

-€1 €2 €3

The signature of the bilinear form (x, y) can be set by using $Set Si gnat ur e=p. If no valueis specified at the beginning
of the session, the default is p = 20.

Whit the exception of the function Dual, it is not necessary to define the dimension of the vector space RP9. Given two or
more multivectors, the maximum dimension of the space where they are embedded is calculated automatically.

I 3. Listing of implicit functions.

2.1 Coeff[mb]
Description: Extracts the coefficient of the blade b in the multivector m

Arguments: b isablade of grade and mis a multivector.

2.2 Dual [ md]

Description: Calculates the dual of the multivector min RY.



Arguments: misamultivector and d is a positive integer.

2.3 e[i]
Description: e[ i ] isused to denote the i-th basis vector of R,

Arguments: i isainteger greater than zero.

2.4 GADraw[ m v]
Description: Plots amultivector min R®. To change the plot's view v, it must be used the Vi ewPoi nt function.
Arguments: misamultivector and v isthe view point of the plot.

Comments: v can be omitted and the default valueis Vi ewPoi nt -{ 0, 1, 0}.

2.5 GeonetricCos[m n]
Description: Calculates the power series of the function Cos of the multivector mto a power n.
Arguments: misamultivector and n a positive integer.

Comments: n can be omitted and the default valueis 10.

2.6 Geonetri cExp[ m n]
Description: Calculates the power series of the function Exp of the multivector mto a power n.
Arguments: misamultivector and n a positive integer.

Comments: n can be omitted and the default valueis 10.

2.7 GeonetricPower [ m n]
Description: Calculates the n-th power of the multivector m

Arguments: misamultivector and n a positive integer.

2.8 GeonetricProduct[ml, n2, .. .]
Description: Calculates the geometric product of the multivectorsm, n2, . . .

Arguments: mi, n2, . . . are multivectors.



2.9 GeonetricProduct Seri es[ sym m n]
Description: Calculates the power series of the function sy mof the multivector mto a power n.
Arguments: symis a Mathematica function, mis amultivector and n a positive integer.

Comments: symisany function which can be represented as a power series about zero. n can be omitted and the default
valueis 10.

2.10 GeonetricSin[mn]
Description: Calculates the power series of the function Si n of the multivector mto a power n.
Arguments: misamultivector and n a positive integer.

Comments: n can be omitted and the default valueis 10.

2.11 GeonetricTan[ m n]
Description: Calculates the power series of the function Tan of the multivector mto a power n.
Arguments: misamultivector and n a positive integer.

Comments: n can be omitted and the default valueis 10.

2.12 Grade[ mr]
Description: Extracts the term of grader from the multivector m

Arguments: misamultivector and r apositive integer.

213 i
Description: Denotes the first complex component of a quaternion (seealsoj and k)

Arguments: None.

2.14 1 nf q]
Description: Extracts the complex part of aquaternion g.

Arguments: q isaquaternion.



2.15 I nnerProduct [, n2, . ..]
Description: Calculatesthe inner product of the multivectorsimi, n2, . . .

Arguments: mi, n®2, . . . are multivectors.

216 j
Description: Denotes the second complex component of a quaternion (seeasoi and k)

Arguments: None.

2.17 k
Description: Denotes the third complex component of a quaternion (seealsoi andj )

Arguments: None.

2.18 Magni t ude[ ni
Description: Calculates the magnitude of the multivector m

Arguments: misamultivector.

2.19 Mutivectorlnverse[ni
Description: Calculates (if it exists) the inverse of the multivector m

Arguments: misamultivector.

2.20 cuterProduct[nmt, n2, . ..]
Description: Calculates the outer product of the multivectorsimi, n2, . . .

Arguments: mi, n®2, . . . are multivectors.

2.21 Projection[v, b]
Description: Projects the vector v onto the space spanned by the blade b.

Arguments: v isavector and b ar-blade.



2.22 Pseudoscal ar [ n]
Description: Gives the pseudoscalar (volume element) of R".

Arguments: n isapositive integer.

2.23 Quat er ni onConj ugat e[ q]
Description: Calculates the conjugate of the quaternion g.

Arguments: q isaquaternion.

2.24 Quat er ni onl nver se[ q]
Description: Calculatesthe inverse of the quaternion g.

Arguments: g isaquaternion.

2.25 Quat er ni onMagni t ude] q]
Description: Calculates the magnitude of the quaternion g.

Arguments: g isaquaternion.

2.26 Quaterni onProduct[ql, q2,...]
Description: Calculates the product of the quaternionsql, g2, . . .

Arguments: q1, g2, . . . arequaternions.

2.27 Re[q]
Description: Extractsthereal part of the quaternion g.

Arguments: g isaquaternion.

2.28 Reflection[v,w, x]
Description: Calculates the specular reflection of the vector v by the plane spanned by the vectorswand x.

Arguments: v, wand x are vectors.



2.29 Rej ection[v, b]

Description: Calculates the orthogonal projection of the vector v onto the orthogonal complement to the space spanned by
the blade b.

Arguments: v isavector and b ar-blade.

2.30 Rotation[v,w, x, t heta]
Description: Rotates the vector v, by an anglet het a. The plane spanned by wand x isleft invariant.
Arguments: v, wand x arevectorsandt het a isthe rotation angle in degrees.

Comments: t het a can be omitted and in such case, the rotation angle is that formed by the vectors wand x.

2.31 ToBasi s[ V]
Description: Transforms a vector from the Mathematica notation (list) to alinear combination of vectorse[i ] .

Arguments: v isavector given in standard notation (list).

2.32 ToVector[v,d]

Description: Transforms avector from alinear combination of vectors or multivectorsin the canonical forme[ i ] tothe
standard notation in Mathematica (d-dimensional list).

Arguments: v isavector and d positive integer.

Comments: d can be omitted and in such case the list's dimension is the greatest dimension of the basis vectorse[i ] .

2.33 Turn[ni
Description: Givesthe reverse of the multivector m

Arguments: misamultivector.

I 4. Simple examples.
Thisloads the package.

| <<"clifford. n

Here are 3 multivectors.



u=a+3xe[l] +bxe[3];
v=axe[l] xe[2] xe[3];
w=e[2] +bxe[l] xe[2] xe[3] xe[4];

The geometric product uvwis:

| B = Geonet ri cProduct [u, v, w]

| abe;-3ae;-a’e;e;-a’bes;-3abejes-ab’ese,
The outer (wedge) product betweenu and v is:

| Cut er Product [u, V]

a’e; e e;

The operation (W), is:

Grade[Turn[w], 4]

| beiereszey
The multivector e1*e122 js;

R + e, e
( 1 2)

The product between the quaternions (2 +i + 3k) (a+ k) is:

| Quat er ni onProduct [2 +i +3xk, a+k]

| -3+2a+ai -j +2k+3ak
Theplot of u and the plane e[ 1] e[ 2] +e[ 2] e[ 3] (the vectors must be numeric in order to plot) is:

a=1;

b=1;

pl ot 1 = GADr aw[u];

pl ot 2 = GADr aw[e[1] e[2] +e[2] e[3]1];
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Finally, in order to put together u and the plane e[ 1] e[ 2] it is used the Show function:
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Show[pl ot 1, plot2];

Scalar=1

€1e>+€ere;3




